SRM 326 InscribedTriangles

Division 1, Level 2

A triangle is "inscribed" in a circle if all 3 points of the triangle are on the edge of the circle. For this problem, our circle will be centered at the origin and have a radius of 5. Our goal is to find the largest triangle (by area) we can inscribe in this circle. Normally, this would be any equilateral triangle, but in this case we have the added restriction that each point of our triangle must be within one (or more) of the valid ranges of degrees. The degree ranges are given in thousandths of degrees in corresponding elements of angleFrom and angleTo. For each range, angleFrom will be less than or equal to angleTo and each will be between 0 and 360000. All ranges are inclusive; see the examples for clarification. Return the area of the largest inscribed triangle that can be made while following these restrictions. If no triangle can be made, return 0.

Definition

Class: InscribedTriangles
Method: double findLargest(vector<int> angleFrom, 

                           vector<int> angleTo)
Constraints

angleFrom and angleTo will each contain between 1 and 30 elements, inclusive.

angleFrom and angleTo will contain the same number of elements.

Each element of angleFrom and angleTo will be between 0 and 360000, inclusive.

Each element of angleFrom will be less than or equal to the corresponding element of angleTo.

Examples

0) {0}

   {360000}

Returns: 32.47595264191645

We can use any point we want on the circle - so we can draw an equilateral triangle (which will be the biggest we can ever draw).

1) {15000, 25000, 100000, 265000, 330000}

   {15000, 25000, 100000, 265000, 330000}

Returns: 27.433829549752186

In this case, each of our ranges are single points. The biggest triangle can be made by using the points at 15°, 100°, and 265°.

2) {245900, 246500, 249900}
   {245915, 246611, 252901}

Returns: 0.002789909594714814
We only have 3 small ranges, all near to each other - so our best triangle is still really small.
3) {42}
   {42}

Returns: 0.0
It's hard to draw a triangle with one point.
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EXPLANATION

Geometry problems have a reputation for being tricky, and this problem will do nothing to dispel that perception. Since there are too many possible angles to try a brute force solution, we need to prune the possibilities we consider by having some idea of what our possible maximum triangles can look like. We can categorize these possible maximum triangles by the number of points that are constrained in at least one direction (i.e. points that lie on the edge of a degree range):

0. Our best triangle has no constrained points 

We can be certain that if a maximum triangle exists with no points on degree range boundaries then another triangle exists with at least one point on a degree range boundary. This holds because rotating our triangle has no effect on area and thus we can simply rotate the triangle until at least one point is constrained. This allows us to effectively ignore this case.

1. Our best triangle has one constrained point 

If our best triangle has only one constrained point, then we can be sure that the triangle is equilateral. Otherwise, we could move one or both of the unconstrained points in order to increase the triangle's area (as at least one of the two unconstrained points would not be on the midpoint of the arc between the other two points). Since we know one point is constrained, it is sufficient to loop through all boundary points and for each of them test whether an equilateral can be made involving that point. To check, we see if the points at (boundary angle+120°) and (boundary angle+240°) are available for use. If they are, we have found an equilateral and we're done - as this will always be the largest triangle.

2. Our best triangle has 2 constrained points 

If we pick any two points on a circle, the maximum area triangle will be formed by having the third point halfway between the first two points on either one side or the other. Therefore, we can iterate through each pair of boundary points and check whether their midpoint on either side of the circle is in a usable space. If it is not, then the best available triangle involving those two points will have all 3 points constrained and will be found during our last step.

3. Our best triangle has 3 constrained points 

This is the simplest case to check - we simply iterate through each set of 3 boundary points and find the angles of all triangles formed. As we have at most 60 boundary points, this does not present a time challenge. If we had a larger set, we could prune the number of possibilities tried by only considering points nearest to the midpoint of each two points (and then only in cases where the precise midpoint was unavailable).

Putting it together 

If we don't find an equilateral triangle, as per 1 above, we loop through all the possible triangles described in 2 and 3 above and keep track of the largest area found. To calculate the area of a given triangle from the angles involved, we use the normal triangle area formula involving the cross product. That formula requires x/y co-ordinates, which on our circle are simply radius*cos(angle) and radius*sin(angle) respectively.

